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Abstract 

Language policies for the purpose of (re)vitalizing a minority language are analyzed as 
a dynamic cost-effectiveness problem. We focus on policy measures with two types of cost 
structures: costs largely proportional to the number of beneficiaries (a rival measure) and 
costs independent of the number of beneficiaries (a non-rival measure). An examples of the 
former is for instance home nursing in the minority language and an example of the latter 
is street signs in the minority language. Both types of measures are assumed to contribute 
positively to the vitality of the minority language. We stylize the analysis, letting the rival 
measure have an immediate direct effect on the vitality and the non-rival one an indirect 
effect over the language’s status, generated by the policy measure. 

Two problems are addressed. Firstly, we study how the optimal combination of the 
two types of measure changes as the policy is implemented and the vitality of the minority 
language increases and show that a policy with fixed budget shares as a rule is sub-optimal. 
Secondly, we compare the opportune policy of a policy maker planning with a fixed time 
horizon with the optimal policy as the time horizon approaches infinity. The policy maker 
has incentives to plan for a sub-optimal policy at the beginning of the planning period and 
at times close to the time horizon. 

All effects are illustrated in numeric examples. 
Keywords: Language policy, cost structure, cost-effectiveness analysis, planner objec-

tives, long-run optimal policy, short-run opportune policy. 

1 INTRODUCTION 

The basic assumption of the essay is that the vitality of a minority language (defined as its use 
by many individuals in many domains) is affected by language policy. The more resources that 
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are spent on acquisition and status planning, the higher will be the vitality of the language.1 

A language policy is here analyzed as a collection of policy measures that are implemented in 
support of the speakers of a certain language, providing them with incentives to increase its 
frequency of use. The implementation of a measure is seen as benefiting the speakers of the 
language, and the aggregated benefits of all speakers can be compared to the implementation 
costs. If this comparison is used to decide if the measure be implemented or not, we are talking 
about a welfare – or cost-benefit – approach to language policy; see WICKSTRÖM (2017, 2019). 
The biggest problem of cost-benefit analysis is the estimation and quantification of benefits, due 
both to practical difficulties of measurement and to theoretical inconsistencies and path depen-
dencies. An alternative approach is the cost-effectiveness approach. Here the language planner 
aims at the fulfillment of objectively observable goals such as the vitality of a language in a 
given area or in certain given domains. The degree of goal achievement depends on the differ-
ent policy measures and their costs. The planner will attempt to reach a high goal fulfillment at 
low costs.2 The goal fulfillment, however, is not necessarily related to the well-being or benefits 
of the speakers. 

What both approaches have in common is that the cost structures of different measures is very 
important; see WICKSTRÖM (2017, 2020) and WICKSTRÖM, TEMPLIN, and GAZZOLA (2018). The 
costs of different language-planning measures can be classified over (at least) two dimensions, 
degree of rivalry and degree of spatiality of the resulting language-related goods. Status planning 
in the form of using a language on money bills or in official documents cause costs that are 
independent of both the number of beneficiaries and their geographical habitation patterns. At 
the opposite, the use of a language as the medium of instruction leads to costs that are more or less 
proportional to the number of beneficiaries and the size of their area of habitation, Street signs 
in a minority language cause costs in dependence of the area of application only; the number of 
beneficiaries is of no consequence. Finally, the right to receive e-mail answers from the central 
authorities to individual queries in a preferred language causes costs that are proportional to the 
number of beneficiaries, but are independent of their habitation patterns. That is, different types 
of language-policy measures cause costs of different magnitude per capita of the beneficiaries 
dependent on their number and habitation patterns. In other words, some planning measures, 
like the use of a language in public documents, are almost perfectly collective goods, being 
both non-rival and non-spatial. Only fix costs – independent of the number of beneficiaries 
and their geographical distribution – are to be covered. On the other extreme, some planning 
measures, like providing social services – for instance home nursing – in a certain language, are 
almost purely individual goods. Here the costs are more or less proportional to the number of 
beneficiaries and to the size of the geographical region where the beneficiaries live. 

The cost structure has important implications for the choice of policy in a cost-effectiveness 
analysis. Assume that the planner wants to preserve or increase the vitality of a minority lan-
guage, and both status planning, like using the language in official documents or in the public 

1 It is very instructive to compare the use of Basque in the Basque Autonomous Community (BAC) in Spain 
and in the Northern Basque Country in France. In BAC the language policy has been supportive and rather 
successful resulting in a reversal of the decline of the language; the proportion of Basque speakers is higher in 
the young generations than in the old ones. In the Northern Basque Country little or no supportive language 
policy is evident, and the use of Basque decreases and has its highest proportion among the elderly part of the 
population. See CENOZ (2001, 2008). 

2 The classic studies on language revitalization are FISHMAN (1991, 2001). 
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space, and acquisition planning, like teaching the language in public schools, serve this purpose. 
Given that the costs of status planning are basically independent of the number of beneficiaries 
or their geographical distribution – the status resulting from the planning measure is a non-rival 
good – whereas the costs of acquisition planning are more or less proportional to both – the 
material and individual teaching are to a large extent rival goods, at least between schools – , 
an implication might be that the effectiveness of status planning in comparison to acquisition 
planning increases with the size of the community of beneficiaries and with the spread of their 
living areas. In other words, to receive a certain effect in a small, concentrated community by a 
given budget, it can be sensible to put more effort into acquisition planning in relation to status 
planning than in a larger community spread over a large area. The suitable policy measures for 
supporting different types of minorities in this type of situation is analyzed in a static setting in
WICKSTRÖM (2021). 

In this essay, this analysis is extended to a dynamic analysis. If the size of the target com-
munity increases, this is without consequences for the costs of provision of a non-rival good 
like status with only fixed costs, whereas, in the case of proportional costs, the costs increase as 
the number of beneficiaries increases. Given that the influence of a given planning measures on 
an average individual is independent of the size of the community, the effect of status planning 
at given costs is independent of the size of the community, whereas, for acquisition planning, 
the effect decreases with the increasing size of the community since available resources are di-
vided on more individuals. This makes status planning progressively more attractive as vitality 
increases. However, since both budget and effect are influenced by changes in the measures, it 
is not obvious at the first glance how budget shares should change. We discuss both how the 
optimal strength of different policy measures and how their corresponding budget shares change 
as the vitality of a supported language increases. In the analysis, we limit ourselves to two types 
of planning measures, a perfectly non-rival and a perfectly rival one. 

With the introduction of time, the possible types of goods are further differentiated with a 
dimension describing its lasting. We can talk of instantaneous goods whose benefits last a very 
short time, for instance a glass of wine; once it is drunk it is gone.3 On the other hand, there 
are goods with an extended life period, like the reputation of Château Margaux. We will talk of 
instantaneous and protracted goods. Protracted goods like status or goodwill act directly over 
an extended period. Of policy measures, acquisition-planning can be seen as leading directly 
to goods having an instantaneous effect on language use. Status-planning measures, on the 
other hand, act indirectly via the perceived status the planning creates. This status contributes 
directly to language use, and the planning measures contribute to the status which per se is a 
protracted good, whose “magnitude” increases with implemented measure, but tends to diminish 
if not nurtured. Due to this indirect rôle of the extended good “status”, policy measures effect 
vitality with a delay and indirectly. Also this will influence the policy makers use of instruments 
– measures – depending on whether the political situation creates incentives to be myopic or 
hyperopic. In TEMPLIN (2020), TEMPLIN, SEIDL, WICKSTRÖM, and FEICHTINGER (2016), and 
WICKSTRÖM (2013, 2016), the rôle of status in a dynamic setting is analyzed. Here, we extend 
it to discussing effects due to two types of policy measures. 

In the next section 2, we provide an intuitive discussion of the implications of the discussion 
above on dynamic language policy. This intuition is made more precise with the help of a simple 

3 We ignore the memories of the enjoyment of a great wine that may last – and continuously mythically improve 
– for a lifetime. 
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model in section 3 and further illustrated in some simulations of the model in section 4. 

2 CLAIMS 

The message of this essay can be loosely summarized in two claims: 

CLAIM 1 (STRENGTH AND BUDGET SHARES OF PLANNING MEASURES) 
1. If a language policy with the goal of increasing the vitality of a minority lan-

guage contains measures that are both rival and non-rival, the relative strength 
of the rival measure should decrease as the vitality of the language increases. 

2. If the measures are complementary in their impact on the goal the budget share 
of the rival measure should increase with improving vitality. 

3. If the measures are substitutes in their impact on the goal the budget share of the 
non-rival measure should increase with improving vitality. 

4. A policy ignoring this property is likely to cause efficiency losses, especially if 
the measures are complementary. 

and 

CLAIM 2 (PLANNING UNCERTAINTY AND SHORT CONSECUTIVE PLANNING PERIODS) 
1. The shorter the planning horizon, the more likely is the planner to exaggerate 

the strength of the rival measure at the costs of building up the protracted status 
by the non-rival measure at the begin of the planning period. 

2. Before the time horizon, the planner will exaggerate the strength of the rival 
measure at the costs of maintaining the protracted status by the non-rival mea-
sure in comparison with a situation without a planning horizon or the planning 
horizon further in the future. 

We already argued that the non-rival measure become the more effective one as the size of 
the minority increases. This development also depends on the substitution possibilities between 
the two types of measures and on the restrictions reflected in the budget of the policy maker. The 
budget shares of the two measures might change in both directions. As the language receives 
more speakers the aggregate costs of the rival measure increase. Whether the total budget for 
the rival measure decreases or not, depends on how much the per-individual expenditures on 
the measures decrease. If the two types of measures are perfect substitutes – the assumption 
in WICKSTRÖM (2021) – the total budget will shift from the rival to the non-rival measure at a 
certain size of the number of speakers. If the two measures are perfect compliments, the relative 
strength of the two measures will in optimum stay constant, and the budget share of the rival 
measure will increase as more people use the language. As a consequence the budget share of 
the status-planning measure will decrease. The parallel to production and consumption theory 
is obvious. If two inputs (in production or consumption) display a substitution elasticity of one, 
optimization implies that the budget shares of the expenditures are given and equal. Hence, we 
can draw the implication that as vitality increases the budget share of the non-rival good should 
decrease if the substitution elasticity is smaller than one and should increase if it exceeds one. 
It is also intuitively plausible that the efficiency loss of an inflexible policy is greater if the 
substitution possibilities are small, than in the case that the inputs have a similar impact – are 
readily substitutable. 
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Status is accumulated as resources are spent on status-increasing measures, and at the same 
time status depreciates at a certain rate. An equilibrium value of status will obtain when the 
increase due to the status-increasing measures balances the decrease due to depreciation. In other 
words, status is a state variable. If in an optimal steady state a high status is required, myopic 
planning can be sub-optimal. The impact of the status planning on the language is realized 
with a certain delay. If initially status is low, the short-term impact of resources spent on status 
planning will be minimal, but resources spent on direct rival measures will have an immediate 
effect, and the smaller is the community, the stronger the effect, since the expenditures are 
divided on fewer persons. In the long run, unless the discount rate is very high, a high status 
will lead to high vitality. In other words, budgeting high amounts of resources on rival direct 
planning measures, will lead to a rapid initial increase in the vitality and a steady-state vitality 
that is below the maximum. Using a large amount of the budget on status planning leads to a 
slow initial increase in the vitality, but to a higher vitality after some time. From the starting 
point until this time, the instantaneous vitality will be higher with non-rival direct planning; 
after this time, the instantaneous vitality will be higher with status planning from the start. The 
further in the future the time horizon of the planner is, the higher will be the aggregated vitality 
after turning time in the case of status planning from the beginning, whereas the gain from direct 
planning before the turning time stays constant after that time. In other words, the advantage 
of direct planning does not change as the planner’s time horizon moves further into the future, 
but the gain from status planning steadily increases with the higher value of the time horizon. 
Hence, with a myopic time horizon the planner will conduct an inefficient policy with too much 
direct rival planning in comparison with the long-run optimum. With a long planning horizon 
the policy becomes more efficient. 

Close to a time horizon (at the end of the election period) a similar effect will occur. It 
will pay to reduce the indirect status-planning measures and change to direct measures, since 
the status reacts slowly and the existing high status with its positive effects will last for some 
time without compromising the vitality of the language, but at the same time direct planning 
will without delay add to the vitality of the language, making the planner move resources from 
status-planning measures to acquisition-planning ones and the vitality at the time horizon will 
be higher than in the optimal steady state. Of course, this potential short-term gain is always 
tempting the planner, and the temptation is stronger the higher is the discount rate of the planner. 

3 THE MODEL 

The model is basically the same as in TEMPLIN, SEIDL, WICKSTRÖM, and FEICHTINGER (2016) 
and WICKSTRÖM (2005). We limit ourselves to two types of individuals: speakers of the majority 
language, type 𝐻, and speakers of the minority language – all bilinguals – type 𝐿. As fractions 
of the total population the sizes of the two communities are given by 𝑝𝐻 and 𝑝𝐿, 𝑝𝐻 + 𝑝𝐿 = 1; 
we will write 𝑝𝐿 = 𝑝 and 𝑝𝐻 = 1 − 𝑝. Three two-parent family types, 𝐹 are considered: 

4𝐹 ∈ {𝐻𝐻, 𝐿𝐿, 𝐻𝐿}. We assume random mating with different success probabilities. That is, 
the probability to encounter a person of any type is proportional to the size of the two groups, but 
the probability of mating depends on the type of the encountered individual. Specifically, the 
probability of mating with a person of the same type is taken to be one, whereas the probability 
of mating with a person of the other type is assumed to be 𝜃 < 1. In appendix A it is shown that 
4 That is, the gender of each of the two parents is of no consequence. 
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the frequency distribution of the family types 𝜇(𝐹) is given by: 

𝜇(𝐻𝐻) = 𝑝𝐻2 + 𝑝𝐻𝑝𝐿(1 − 𝜆) 
𝜇(𝐿𝐿) = 𝑝𝐿2 + 𝑝𝐻𝑝𝐿(1 − 𝜆) (3.1)
𝜇(𝐻𝐿) = 2𝑝𝐻𝑝𝐿𝜆 

where 𝜆 ∶= 2𝜃/(1 + 𝜃). 

3.1 FAMILY BEHAVIOR AND LANGUAGE CHOICE 

The function 𝛼(𝐹, 𝑝, 𝛽) is the central behavioral element of the model and is defined to describe 
the average fraction of bilingual children of type 𝐿 emerging from a family of type 𝐹 if the 
distribution of individuals is given by 𝑝 and language policy results in language-related goods 
𝛽 = (𝛽1, 𝛽2, ...). We make some simplifying assumptions: 

ASSUMPTION 3.1 𝛼(𝐹, 𝑝, 𝛽) does not depend on 𝑝. 

The motivation of parents of providing their children with a certain linguistic repertoire is at least 
twofold. On the one hand, the children should be able to communicate with other members of 
society;5 on the other hand, there is an emotional motivation for passing the language on to the 
children since the language is an important carrier of the parents’ identity. In our setting with 
no monolinguals in the minority language, the first motivation is irrelevant for the language 
decision of the parents. If this first motivation is captured by the size of the group of speakers

6of the majority language, we can in our case ignore the dependence on 𝑝. As a consequence, 
we will drop the 𝑝 dependence of 𝛼. 

ASSUMPTION 3.2 1 > 𝛼(𝐿𝐿, 𝛽) ≥ 𝛼(𝐻𝐿, 𝛽) > 𝛼(𝐻𝐻, 𝛽) = 0. 

If both parents are speakers of the minority language it is reasonable to assume that more children 
who are bilingual in the minority language emerge from such a family than from a family with 
only one parent speaking the minority language. 1 − 𝛼(𝐿𝐿, 𝛽) is the rate of attrition of the 
minority community if there is no influx from outside. 𝛼(𝐻𝐿, 𝛽) correspondingly reflects the 
rate of influx due to the mixed marriages. In a family where both parents are speakers of the

7majority language, it is assumed that no children are raised as bilinguals, 𝛼(𝐻𝐻, 𝛽) = 0. 
In addition, to simplify specific calculations, we will at times appeal to three technical as-

sumptions: 

ASSUMPTION 3.3 𝛼(𝐻𝐿, 𝛽) = 𝛿𝛼(𝐿𝐿, 𝛽), 1 > 𝛿 > 0. 

5 There can be other “practical” reasons for becoming a speaker of the minority language as part of a bilingual 
repertoire, for instance an insider-outsider phenomenon. Compare DRINKWATER and O’LEARY (1997) or REN‐
DON (2007) who both provide evidence for a lower rate of unemployment among bilingual speakers of a minority 
language (Welsh and Catalan, respectively). 

6 Of course, 𝑝 might influence the status of the language, which in our model is captured by 𝛽. We will ignore 
this possibility. 

7 In reality, this assumption is not always satisfied. There are “immersion” programs in many parts of the world 
where children of the majority are educated in the minority language in order to become bilinguals. See for 
instance CENOZ (2008) for the Basque minority language. 
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This simplifies the analysis considerably. We can describe the functional form of each 𝛼 by the 
same function which is further specified: 

ASSUMPTION 3.4 Let 𝑞(𝛽) be a concave function with the property 𝑞(𝟘) = 𝑞0 with
𝑞(𝛽) 𝑞0𝟘 the vector of 0’s. Then 𝛼(𝐿𝐿, 𝛽) = 𝐴𝐿𝐿 

𝑄+𝑞(𝛽) ⇒ 𝐴𝐿𝐿 ≥ 𝛼(𝐿𝐿.𝛽) ≥ 𝐴𝐿𝐿 
𝑄+𝑞0 

=∶ 
𝐴𝐿𝐿. 𝑄 is here a constant. 

𝛼(𝐿𝐿, 𝛽) ranges between 𝐴𝐿𝐿 and 𝐴𝐿𝐿 and 𝛼(𝐻𝐿, 𝛽) between 𝛿𝐴𝐿𝐿 and 𝛿𝐴𝐿𝐿. 
For analytic purposes, we can – like in standard micro-economic theory – describe the func-

tion 𝑞 using equivalence classes, the combination of 𝛽s giving the same value of the function. 
Below we will reduce the set of policy variables to two, 𝛽1 and 𝛽2. In the (𝛽1 − 𝛽2)-space 
we will then call the equivalence classes iso-effect curves. The absolute value of the (negative) 
slope of a iso-effect curve, ℎ(𝛽1, 𝛽2), can be found from: 

𝜕𝑞 𝜕𝛼𝐿𝐿 𝜕𝛼𝐻𝐿 

𝜕𝛽1 𝜕𝛽1 𝜕𝛽1ℎ(𝛽1, 𝛽2) = = = (3.2)
𝜕𝑞 𝜕𝛼𝐿𝐿 𝜕𝛼𝐻𝐿 

𝜕𝛽2 𝜕𝛽2 𝜕𝛽2 

where the last two equalities follow from assumptions 3.3 and 3.4. 
Due to the concavity of 𝑞, ℎ(𝛽1, 𝛽2) decreases in 𝛽1 and increases in 𝛽2. One can make 

further assumptions on 𝑞 making the analysis more tractable. One such assumption is: 

ASSUMPTION 3.5 The function 𝑞 is homothetic. That is, the function ℎ is homoge-
neous of degree zero: ℎ(𝛽1, 𝛽2) = ℎ 1, 𝛽2 ; we will write this as ℎ0 

𝛽2 , a function 𝛽1 𝛽1 
increasing in its argument. 

3.2 STEADY‐STATE SOLUTION 

If in a given period the distribution of the two types is (𝑝𝐻, 𝑝𝐿) and is designated by (𝑝𝐻+, 𝑝𝐿+) in 
the next period, the new fraction of speakers of 𝐿 can be written as: 

𝑝𝐿+ = 𝜇(𝐿𝐿)𝛼(𝐿𝐿, 𝛽) + 𝜇(𝐻𝐿)𝛼(𝐻𝐿, 𝛽) (3.3) 
= 𝑝𝐿2 + 𝑝𝐻𝑝𝐿(1 − 𝜆) 𝛼(𝐿𝐿, 𝛽) + 2𝑝𝐻𝑝𝐿𝜆𝛼(𝐻𝐿, 𝛽) 

Substituting 𝑝 for 𝑝𝐿 and 1 − 𝑝 for 𝑝𝐻, the change in 𝑝 can be written as: 

Δ𝑝 ∶= 𝑝+ − 𝑝 = 𝑝2 + (1 − 𝑝) 𝑝(1 − 𝜆)  𝛼(𝐿𝐿, 𝛽) + 2 (1 − 𝑝) 𝑝𝜆𝛼(𝐻𝐿, 𝛽) − 𝑝 (3.4) 
= 𝑝 {(1 − 𝑝) 𝜆 [2𝛼(𝐻𝐿, 𝛽) − 𝛼(𝐿𝐿, 𝛽)] − [1 − 𝛼(𝐿𝐿, 𝛽)]} 

If there is no intermarriage between the communities, 𝜆 = 0, expression 3.4 becomes: 

Δ𝑝 = 𝑝 [𝛼(𝐿𝐿, 𝛽) − 1] (3.5) 

That is, the size of the 𝐿 community is constantly decreasing if 𝛼(𝐿𝐿, 𝛽) < 1, and the steady 
state is characterized by 𝑝𝑆𝑆(𝛽) = 0. 

For a positive rate of intermarriages, 𝜆 > 0, the function has a positive fixed point 𝑝𝑆𝑆(𝛽) > 
0 if 𝜆 [2𝛼(𝐻𝐿, 𝛽) − 𝛼(𝐿𝐿, 𝛽)] > 1 − 𝛼(𝐿𝐿, 𝛽) ≥ 0. This fixed point characterizes a stable 
steady state and is easily found: 
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1 − 𝛼(𝐿𝐿, 𝛽) 𝑝𝑆𝑆(𝛽) = 1 − (3.6)𝜆 [2𝛼(𝐻𝐿, 𝛽) − 𝛼(𝐿𝐿, 𝛽)]
1 1 1= 1 + 𝜆(2𝛿 − 1) − 𝜆(2𝛿 − 1) 𝛼(𝐿𝐿, 𝛽) 

The last expression is a consequence of assumption 3.3. We collect these results in: 

PROPOSITION 3.1 If the intermarriage rate between the language communities and 
if the fraction of bilingual children emerging from mixed marriages on the average are 
sufficiently high, specifically if 2𝜆𝛼(𝐻𝐿, 𝛽) > 1 − (1 − 𝜆)𝛼(𝐿𝐿, 𝛽), the size of the 
minority community displays a positive and stable steady state. 

If 𝜆 = 1, the stability condition becomes 𝛼(𝐻𝐿, 𝛽) > 1/2. That is, a stable steady state 
exists if more than half the children emerging from mixed marriages become bilingual. 

3.3 LANGUAGE POLICY 

We take the 𝛽s to be policy variables consisting of rival and non-rival planning measures. As 
we noted in the introduction, a rival planning measure is one where the costs increase with 
the number of beneficiaries; a good example is acquisition planning, teaching the language in 
school. Status planning is typically non-rival; the costs of a planning measure is independent 
of the number of beneficiaries. Good examples are street names in the minority language or the 
use of the minority language for laws or public decrees. That is, the 𝛽s are – as an example – 
given by the status of the minority language and the teaching of it in schools. Denote the status 
of the language by 𝑆 and the amount of direct individual exposure to the language of a typical 
child of the minority by 𝑎. Then 𝛽 = (𝑎, 𝑆). 

3.3.1 Costs of language policy 

Status planning typically involves measures leading to goods and services whose costs do not 
depend on the number of beneficiaries, and the average per capita benefits to the individuals 
are the same independently of the numerical strength of the community of beneficiaries. The 
annual expenditure for this kind of language planning is denoted by 𝑒𝑠. The status is seen and 
measured as the result of aggregated expenditures over time. On the other hand, if the status 
is not maintained it might consistently depreciate due to people’s tendency to highly value the 
life-style of the majority. We assume that, if not attended to, the status depreciates at a rate of 
𝜌 > 0. This gives us the rate of change in the status of the minority language: 

�̇� = 𝜂(𝑒𝑠 − 𝜌𝑆) (3.7) 

with 𝜂 capturing the rate of adjustment. If 𝜂 → ∞ the adjustment is instantaneously. A steady-
state status exists for any given expenditures. The smaller is 𝜂, the slower is the adjustment, and 
a change in the expenditure will reach its full effect long after the change in expenditure. The 
stationary state of the status is given by: 

𝑆𝑆𝑆 = 
𝑒
𝜌
𝑠 (3.8) 
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If 𝜂 = 0 the status stays constant, equal to its initial value. 
Acquisition planning also influences the parents’ choice of linguistic repertoire for their 

children.8 These measures are rival, and total costs more or less proportional to the size of 
the population benefiting from the measures. The higher is the expenditure per capita of the 
minority population on such measures, the higher will be the probability that the off-spring of 
families of type 𝐿𝐿 and 𝐻𝐿 become bilingual. We write the expenditure per capita as 𝑒𝑎. 

Let 𝛽 be a vector 𝛽 = (𝑎, 𝑆) and equate 𝑎 to 𝑒𝑎. The total annual expenditure of the planner 
will be: 

𝐸 = 𝑒𝑠 + 𝑁𝑝𝑒𝑎 (3.10) 

𝑁 here denotes the size of the relevant population in the jurisdiction. In a steady state, 𝑒𝑠 = 𝑆𝑆𝑆𝜌. 
Substituting 𝑎 for 𝑒𝑎 the steady-state expenditure becomes: 

𝐸𝑆𝑆 = 𝜌𝑆𝑆𝑆 + 𝑁𝑝𝑆𝑆𝑎 (3.11) 

3.3.2 The budget for language planning 

We assume that the budget for language planning is a function of the size of the minority, 𝐵(𝑁𝑝). 
A simple specification is assuming that it is given by two components, a fixed amount 𝐵0 of 
support for the minority and a per capita support of 𝑏 per member of the minority. Then the 
budget restriction of the planner becomes: 

𝐵0 + 𝑏𝑁𝑝 = 𝑒𝑆 + 𝑒𝑎𝑝𝑁 = 𝑒𝑆 + 𝑎𝑝𝑁 (3.12) 

or, in the steady state: 

𝐵0 + 𝑏𝑁𝑝𝑆𝑆 = 𝜌𝑆𝑆𝑆 + 𝑁𝑝𝑆𝑆𝑎 (3.13) 

3.4 THE STEADY‐STATE STATIC OPTIMIZATION PROBLEM 

The planner wants to maximize the vitality of the minority language, as reflected in the value of
𝑝, and is constrained by the budget. Maximization of the steady-state vitality can then formally 
be written as: 

1 − 𝛼(𝐿𝐿, 𝑎, 𝑆𝑆𝑆)
max 𝑝𝑆𝑆(𝑎, 𝑆𝑆𝑆) ∶= 1 − 

1 
(3.14a)𝜆 2𝛼(𝐻𝐿, 𝑆𝑆𝑆, 𝑎) − 𝛼(𝐿𝐿, 𝑎, 𝑆𝑆𝑆)𝑎,𝑆𝑆𝑆 

subject to 𝐵0 = 𝜌𝑆𝑆𝑆 + (𝑎 − 𝑏)𝑁𝑝𝑆𝑆 (3.14b) 

8 In addition, there might be a status effect of the acquisition planning. Equation 3.7 then becomes �̇� = 
𝜂 (𝑒𝑠 + 𝜉𝑒𝑎 − 𝜌𝑆) and the budget restriction 3.14b will be 𝐵0 = 𝜌𝑆𝑆𝑆 + (𝑎 − 𝑏)𝑁𝑝𝑆𝑆 − 𝜉𝑎, 𝜉 < 1. Corre-
spondingly, the first-order condition 3.16 takes the form: 

𝜕𝑝𝑆𝑆 

𝜕𝑎 𝑁𝑝𝑆𝑆 − 𝜉 = (3.9)
𝜕𝑝𝑆𝑆 𝜌 
𝜕𝑆𝑆𝑆 
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It is readily seen that the budget set is not convex. We, hence, first have to investigate if the 
problem has a unique solution. In appendix B, it is shown that this is the case. 

Assuming an inner solution with both 𝑎 and 𝑆 positive, the first-order condition for a maxi-
mum can be written as:9 

𝜕𝑝𝑆𝑆 

𝑁𝑝𝑆𝑆 + (𝑎 − 𝑏) 𝑁 
𝜕𝑝𝑆𝑆 

𝜕𝑎 𝜕𝑎 = (3.15)
𝜕𝑝𝑆𝑆 

𝜌 + (𝑎 − 𝑏) 𝑁 
𝜕𝑝𝑆𝑆 

𝜕𝑆𝑆𝑆 𝜕𝑆𝑆𝑆 

or: 
𝜕𝑝𝑆𝑆 

𝜕𝑎 𝑁𝑝𝑆𝑆 

= (3.16)
𝜕𝑝𝑆𝑆 𝜌 
𝜕𝑆𝑆𝑆 

Under assumption 3.3, this reduces to: 

𝑁𝑝𝑆𝑆 

ℎ(𝑎, 𝑆𝑆𝑆) = (3.17)𝜌 

and under assumption 3.5: 

ℎ0 
𝑆𝑆𝑆 𝑁𝑝𝑆𝑆 

(3.18)𝑎 = 𝜌 

The first-order conditions 3.16 in combination with the budget restriction 3.14b defines the 
optimal expenditures as functions of the parameters of the model, especially 𝑁, 𝐵0, 𝑏, and 𝜆: 

𝑆∗ = 𝑆∗(𝑁, 𝐵0, 𝑏, 𝜆) (3.19)
𝑎∗ = 𝑎∗(𝑁, 𝐵0, 𝑏, 𝜆) 

as well as the maximum size of the minority community as a fraction of the total population: 

𝑝∗ = 𝑝𝑆𝑆(𝑆∗(𝑁, 𝐵0, 𝑏, 𝜆), 𝑒𝑎∗(𝑁, 𝐵0, 𝑏, 𝜆), 𝜆) = 𝑝∗(𝑁, 𝐵0, 𝑏, 𝜆) (3.20) 

Letting 𝜏 denote the Lagrange multiplier of the maximization problem 3.14, we can use the 
envelope theorem to see how 𝑝∗ depends on the parameters: 

𝜕𝑝∗ 

= 𝜏 > 0 𝜕𝐵0
𝜕𝑝∗ 

= 𝜏𝑁𝑝 > 0 (3.21)𝜕𝑏
𝜕𝑝∗ 𝜌𝑆 − 𝐵0= [𝑏 − 𝑒𝑎] 𝑝𝜏 = 𝜏 𝜕𝑁 𝑁 
𝜕𝑝∗ 1 1 − 𝛼(𝐿𝐿, 𝑆, 𝑒𝑎) 1 − 𝑝 = > 0 𝜕𝜆 𝜆2 2𝛼(𝐻𝐿, 𝑆, 𝑒𝑎) − 𝛼(𝐿𝐿, 𝑆, 𝑒𝑎) 

= 𝜆 

We reformulate this as a proposition: 
9 The extension to the cases of corner solutions with 𝑎 = 0 or 𝑆 = 0 is, of course, straight-forward. 
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PROPOSITION 3.2 The maximum steady-state vitality of a minority language, de-
fined as the highest possible proportion of bilingual speakers of the language, 

1. increases in the size of the budget for language stimulating policies, both in the 
fixed part of the budget and in the part proportional to the number of speakers. 

2. decreases in the size of the total population in the jurisdiction in the case of only 
a fixed budget. 

3. increases in the size of the total population in the jurisdiction in the case of only 
a proportional budget. 

4. increases in the rate of intermarriage between bilinguals and monolinguals in the 
majority language given that the behavior of mixed families does not change.10 

The results to a large degree depend on the the fact that status expenditures have a non-rival 
cost structure. 

3.5 THE DYNAMICS OF LANGUAGE USE 

The dynamics of 𝑝, given by equation 3.3, can be transformed into continuous time with a 
suitable normalization: 

�̇� = 𝜔 𝑝2 + (1 − 𝑝) 𝑝(1 − 𝜆)  𝛼(𝐿𝐿, 𝛽) + 2 (1 − 𝑝) 𝑝𝜆𝛼(𝐻𝐿, 𝛽) − 𝑝  (3.22) 

with 𝜔 determining the rate of adjustment. We define a function 𝑘 by: 

𝑘(𝑝, 𝛽, 𝜆) ∶= 𝜆 (1 − 𝑝) [2𝛼(𝐻𝐿, 𝛽) − 𝛼(𝐿𝐿, 𝛽)] − [1 − 𝛼(𝐿𝐿, 𝛽)] (3.23) 

That is: 

�̇� = 𝜔𝑝𝑘(𝑝, 𝛽, 𝜆) (3.24) 

If a steady state with 𝑝𝑆𝑆 > 0 exists, the inequality 2𝛼(𝐻𝐿, 𝛽) − 𝛼(𝐿𝐿, 𝛽) > 0 is satisfied, and, 
as a consequence, 𝜕𝑘/𝜕𝑝 < 0 and 𝜕𝑘/𝜕𝜆 > 0. In addition, 𝜕𝑘/𝜕𝛽𝑖 > 0 for all 𝑖. 

The general dynamic problem of the policy maker can be written as: 
𝑇 

max  𝑝𝑒−𝑟𝑡d𝑡 (3.25a)
𝑎,𝑒𝑆,𝑝,𝑆 0 

subject to �̇� = 𝑝𝜔𝑘(𝑝, 𝑆, 𝑎, 𝑒𝑆; 𝜆) (3.25b) 
�̇� = 𝜂(𝑒𝑆 − 𝜌𝑆) (3.25c)

𝐵0 + 𝑁𝑝𝑏 = 𝑒𝑆 + 𝑁𝑝𝑎 (3.25d) 
𝑝(0) = 𝑝0 (3.25e)
𝑆(0) = 𝑆0 (3.25f) 

𝑎 ≥ 0 (3.25g)
𝑒𝑠 ≥ 0 (3.25h) 

10 That is, if the conditions of proposition 3.1 are satisfied. Of course, this depends on the condition that enough 
bilinguals are produced in mixed families, which is the condition that 𝑝𝑆𝑆 be positive. 
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The necessary conditions for a maximum are readily found: 

�̇� = 𝑝𝜔𝑘(𝑝, 𝑆, 𝑎, 𝑒𝑆; 𝜆) (3.26a) 
�̇� = 𝜂(𝑒𝑆 − 𝜌𝑆) (3.26b) 

�̇�1 = 𝜋1𝑟 − 1 − 𝜋1 𝜔𝑘(𝑝; 𝑆, 𝑎; 𝜆) + 𝑝𝜔 
𝜕𝑘 

(3.26c)𝜕𝑝 
 − 𝜏𝑁(𝑏 − 𝑎) 

�̇�2 = 𝜋2𝑟 + 𝜋2𝜂𝜌 − 𝜋1𝑝𝜔 
𝜕𝑘 

(3.26d) 

0 = 𝜋1𝑝𝜔 
𝜕𝑘 

𝜕𝑆 

𝜕𝑎 
− 𝜏𝑁𝑝 + 𝜈 (3.26e) 

0 = 𝜋2𝜂 − 𝜏 + 𝜇 (3.26f) 
0 = 𝜋1(𝑇) = 𝜋2(𝑇) (3.26g)
0 = 𝜈𝑎 = 𝜇𝑒𝑆 (3.26h)

𝐵0 + 𝑁𝑝𝑏 = 𝑒𝑆 + 𝑁𝑝𝑎 (3.26i) 

with 𝜋1 and 𝜋2 the co-state variables associated with 𝑝 and 𝑆, 𝜏 the multiplier associated with 
the budget restriction, and 𝜈 and 𝜇 the multipliers associated with the non-negativity conditions. 
The first-order conditions can be simplified into: 

�̇� = 𝑝𝜔𝑘(𝑝, 𝑆, 𝑎, 𝑒𝑆; 𝜆) (3.27a) 
�̇� = 𝜂(𝑒𝑆 − 𝜌𝑆) (3.27b) 

�̇�1 = 𝜋1𝑟 − 1 − 𝜋1𝜔 𝑘(𝑝; 𝑆, 𝑎; 𝜆) + 𝑝𝜕𝑘 

𝜕𝑎 
(𝑏 − 𝑎) − 

𝜈 
(3.27c)𝜕𝑝 

+ 
𝜕𝑘 

𝑝𝑏 

�̇�2 = 𝜋2𝑟 + 𝜋2𝜂𝜌 − 𝜋1𝑝𝜔 
𝜕𝑘 

(3.27d) 

0 = 𝜋1𝜔
𝜕𝑘 

𝜕𝑆 

𝜕𝑎 
− 𝜋2𝑁𝜂 − 𝜇𝑁 + 

𝜈 
(3.27e)𝑝 

0 = 𝜋1(𝑇) = 𝜋2(𝑇) (3.27f) 
0 = 𝜈𝑎 = 𝜇𝑒𝑆 (3.27g)

𝐵0 + 𝑁𝑝𝑏 = 𝑒𝑆 + 𝑁𝑝𝑎 (3.27h) 

Equation 3.27d can with the help of 3.27e be written as: 

𝜕𝑞 𝜕𝑞 

𝜕𝑆 𝜕𝑆 �̇�2 = 𝜋2 𝑟 + 𝜂𝜌 − 𝑁𝑝𝜂 𝜕𝑞  + (𝜈 − 𝜇𝑝𝑁) 𝜕𝑞 (3.28) 
𝜕𝑎 𝜕𝑎 

Equation 3.28 gives us the steady-state condition if 𝑎 and 𝑒𝑆 are positive:11 

𝜕𝑞 𝑁𝑝 𝜕𝑎 = (3.29)𝜕𝑞 

𝜕𝑆 
𝑟/𝜂 + 𝜌 

11 If either is zero, the full budget will be allocated to the other one in a steady state. 
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That is equation 3.16 corrected for the discounting. This is the optimal condition with an infi-
nite time horizon. We want to compare this with the case of a finite time horizon. Using the 
transversality conditions, we conclude from equation 3.27e that at the time horizon:

𝜈 𝜇𝑁 = (3.30)𝑝 

which has the unique solution 𝜇 = 0 = 𝜈. That is, 𝑎(𝑇) ≥ 0 and 𝑒𝑆(𝑇) ≥ 0. The dynamics of 
the co-state variables at 𝑇 becomes: 

�̇�1(𝑇) = −1 < 0 (3.31)
�̇�2(𝑇) = 0 (3.32) 

Bachword intergration on the (small) interval 𝑡 ∈ [𝑇 − 𝜀, 𝑇] yields 𝜋1(𝑇 − 𝜀) = 𝜀 and 𝜋2(𝑇 − 
𝜀) = 0. From equation 3.27e we find: 

𝜀𝜔 
𝜕𝑘 = 𝜇𝑁 − 

𝜈 
(3.33)𝜕𝑎 𝑝 

This can only be satisfied if 𝜈(𝑇 − 𝜀) = 0 and 𝜇(𝑇 − 𝜀) > 0, Hence, 𝑒𝑆(𝑇 − 𝜀) = 0. In other 
words, as we approach the time horizon, the amount of the budget spent on status-planning 
measures goes to zero and the entire budget is used for the rival measures. The intuitive reason, 
of course, is that the status changes with a delay and in the short run an immediate effect is had 
from the direct measure 𝑎. In the long run after the time horizon, the loss in status will cause 
𝑝 to sink and we depart from the long-run optimum. That is, a short-run gain before the time 
horizon is balanced by a greater loss after 𝑇. We have: 

PROPOSITION 3.3 If the status of a minority language contributes to the vitality of 
the language, and the status is a state variable, a planner planning for a high vitality of 
a minority language, will let the budget share allocated to a control variable increasing 
the status of the language become zero, as the time horizon approaches. 

In other words, at the end of the planning period, the planner implements the rule «après nous 
le déluge ». 

3.5.1 Instantaneous status adjustment 

In order to see how the two control variables behave before the time horizon makes its influence, 
we let the status adjust very fast, that is we let 𝜂 → ∞. The optimization problem 3.25 of the 
planner now takes the form: 

𝑇 

max  𝑝𝑒−𝑟𝑡d𝑡 (3.34a)
𝑎,𝑒𝑆,𝑝,𝑆 0 

subject to �̇� = 𝑝𝜔𝑘(𝑝, 𝑆, 𝑎, 𝑒𝑆; 𝜆) (3.34b)
𝑒𝑆 = 𝜌𝑆 (3.34c)

𝐵0 + 𝑁𝑝𝑏 = 𝑒𝑆 + 𝑁𝑝𝑎 (3.34d) 
𝑝(0) = 𝑝0 (3.34e)

𝑎 ≥ 0 (3.34f) 
𝑒𝑠 ≥ 0 (3.34g) 
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The first-order conditions for a optimum can be written as: 

�̇� = 𝑝𝜔𝑘(𝑝, 𝑎, 𝑆, 𝜆) (3.35a) 

�̇� = −𝜏𝑁(𝑏 − 𝑎) − 𝜋 𝜔𝑘(𝑝, 𝑎, 𝑆, 𝜆) + 𝑝𝜔 
𝜕𝑘 

(3.35b)𝜕𝑝 
− 𝑟 − 1 

𝜕𝑘 𝜈 𝜏 = 𝜋𝜔 
(3.35c)𝑁 𝜕𝑎 

+ 𝑁𝑝 

𝜏 = 𝜋 
𝑝𝜔 𝜕𝑘 

𝜕𝑆 
+ 𝜇 (3.35d) 𝜌 

0 = 𝑝0 − 𝑝(0) (3.35e)
0 = 𝐵0 + 𝑁𝑝𝑏 − 𝜌𝑆 − 𝑁𝑝𝑎 (3.35f) 
0 = 𝜋(𝑇) (3.35g) 

Here, 𝜋 is the co-state variable associated with 𝑝, 𝜏 the multiplier associated with the budget 
constraint, and 𝜈 and 𝜇 the multipliers associated with the non-negativity conditions. 

For positive values of 𝑎 and 𝑒𝑆 – and, hence, 𝑆 – the optimal paths of 𝑝, 𝑆 and 𝑎 are under 
assumptions 3.3 and 3.4 given by:12 

�̇� = 𝑝𝜔𝑘(𝑝, 𝑎, 𝑆, 𝜆) (3.36a) 
𝜕𝑞 𝑝𝑁 𝜕𝑎 = (3.36b)𝜌 𝜕𝑞 

𝜕𝑆 

0 = 𝐵0 + 𝑁𝑝𝑏 − 𝜌𝑆 − 𝑁𝑝𝑎 (3.36c)
0 = 𝑝0 − 𝑝(0) (3.36d) 

Equations 3.36b and 3.36c define 𝑆 and 𝑎 as functions of the state variable 𝑝 and 3.36a 
together with the initial condition 3.36d lets us trace the dynamics of 𝑝. As the time horizon 𝑇 
approaches infinity, it is readily seen that the optimum implies that 𝑘(𝑝(∞), 𝑎(∞), 𝑆(∞), 𝜆) = 

a

S

p↑

 B0/Np

B0__
 ρ

a

S

 b 

Npb____
   ρ

p↑

a

S

p↑
 B0 ___

 
+b

Np

B0+Npb_______
     ρ

p↑

S*

a*

(a) Fixed budget (b) Proportional budget (c) General budget 

FIGURE 3.1 Constraint imposed by 3.36c 

12 Of course, if no solution with a positive 𝑎 can be found from combining equation 3.36c and 3.36b, then 𝑎 = 0 
and 𝑆 is found from 3.36c and mutatis mutandis for non-positive 𝑆. 
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a

S

p↑

(a) Homothetic 𝑞 

a

S

p↑

(b) General 𝑞 

FIGURE 3.2 Constraint imposed by 3.36b 

0. That is, the steady state. Further, conditions 3.36b and 3.36c are then identical with the 
corresponding conditions in the static problem 3.14. Hence, the steady-state value of 𝑝 will 
equal the optimal steady state 𝑝∗ . 

Equations 3.36b and 3.36c are most conveniently analyzed in diagrams. The budget restric-
tion 3.36c is readily presented. Two polar cases can be distinguished. With a fixed budget 
(𝑏 = 0), the budget set in a (𝑆 − 𝑎) diagram decreases with an increasing value of 𝑝. The 
reason, of course, is that the cost structure of 𝑆 is non-rival, whereas the cost structure of 𝑎 is 
rival. That is, the costs of a certain level of 𝑆 is independent of the size of the minority, but 
the costs of 𝑎 are proportional to the size of the minority, and with an increasing minority the 
amount of resources per capita decreases.The reverse holds for a proportional budget (𝐵0 = 0) 
with the same type of argument. This is illustrated in diagrams 3.1a and 3.1b. The general case 
with both 𝐵0 and 𝑏 being positive is shown in diagram 3.1c. 

Equation 3.36b can also be pictured in the same diagram, Under the assumption of homo-
theticity it is very straight-forward, see figure 3.2a. In general, we only know that the implied 
constraint has a positive slope and that the curve moves upwards as p increases. In the case of a 
growing 𝑝 and a homothetic function 𝑞 it is clear that the ratio 𝑆/𝑎 will increase, since equation 

a

S

p↑

 B0/Np

B0__
 γ

(a) Fixed budget and homoth-
etic 𝑞 
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 b 

Npb____
   γ

p↑
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S

p↑

Npb____
   γ

 b 

(b) Proportional budget and ho- (c) Proportional budget and 
mothetic 𝑞 general 𝑞 

FIGURE 3.3 𝑆 and 𝑎 in dependence of 𝑝 due to the constraints imposed by 3.36b and 3.36c 
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3.36b only depends on that ratio: 

𝜕𝑞 

= ℎ0 
𝑆 𝜕𝑎 (3.37)𝜕𝑞 𝑎  

𝜕𝑆 

For a fixed budget, 𝑎 will decrease, and for a proportional budget 𝑆 will increase. See figure 
3.3. In general, however, we cannot conclude that the ratio 𝑆/𝑎 increases as 𝑝 increases, see 
figure 3.3c. In figure 3.3c, the impact of the status variable strongly diminishes after reaching a 
certain level, whereas the impact of 𝑎 continues to be strong. 

Limiting ourselves to the homothetic case, and writing the ratio of the budget shares as: 

Λ ∶= 
𝜌𝑆 

(3.38)𝑝𝑁𝑎 

allows us to write equation 3.36b as: 

ℎ0 𝑎
𝑆 = ℎ0

𝑝𝑁 𝑝𝑁 
(3.39)𝜌 

Λ  = 𝜌 

Using the definition of the elasticity of substitution between 𝑆 and 𝑎: 

𝜎 ∶= 
ℎ0(𝑦) (3.40)
𝑦 
𝜕ℎ0(𝑦)
𝜕𝑦 

where 𝑦 is defined as 𝑦 ∶= 𝑆/𝑎, and writing Λ as a function of 𝑝, equation 3.36b becomes an 
identity that can be differentiated with respect to 𝑝: 

𝑁 𝜕ℎ0 𝜕Λ 𝑝𝑁 = 𝜌 𝜕𝑦 

𝑁Λ 

𝜕𝑝 𝜌 + 𝜌  

𝜕ℎ01 𝜕𝑦 𝜕Λ 1= 𝑦 1 
(3.41)𝑝 ℎ0 𝑝 

+ 𝜕𝑝 Λ  

1 1 𝜕Λ 1= 𝑝 𝜎 𝑝
1 + 𝜕𝑝 Λ  

1 𝜕Λ 1 

𝑝(𝜎 − 1) = 𝜕𝑝 Λ 

The sign of 𝜕Λ/𝜕𝑝 depends on the elasticity of substitution between 𝑆 and 𝑎. If 𝜎 = 1 the 
budget shares stay constant as 𝑝 changes. If the elasticity is less than one, the variables are 
complementary, the budget share of 𝑆 decreases, although 𝑆/𝑎 increases. For the case that 𝑆 
and 𝑎 are substitutes, both 𝑆/𝑎 and the budget share of 𝑆 increase. All this, of course, only apply 
if we are dealing with inner solutions. For corner solutions, 𝑆 = 0 or 𝑎 = 0, the budget shares, 
of course are constant and equal to zero or one, respectively. We have a new: 

PROPOSITION 3.4 The optimal vitalization policy for a minority language under the 
assumption of a homothetic influence of policy measures on linguistic behavior im-
plies that policy measures leading to rival language-related goods should be partially 
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or fully replaced by measures leading to non-rival language-related goods as the vi-
tality of the language increases. The budget shares for the two types of measures, 
however, should move in the opposite direction if the language-related goods are com-
plements in their impact on the vitality, that is, if the elasticity of substitution is less 
than one. If the two types of measures are substitutes, that is, the elasticity of substi-
tution is greater than one, the budget share of the measure leading to a non-rival good 
should increase with an increase in the vitality. In the case of corner solutions, the 
budget shares and the ratio of the measures, of course, do not change as long as one 
measure is not used at all. 

3.5.2 Slow status adjustment 

The opposite extreme is when the status adjustment is slow in comparison to vitality adjustment:
𝑝 adjusts much faster than 𝑆, that is 𝜔 → ∞. 

In TEMPLIN, SEIDL, WICKSTRÖM, and FEICHTINGER (2016) we focused on the behavior of 
the state variable 𝑆. Here, we will look at the extreme case of 𝑝 adjusting instantaneously and 
discuss some consequences for the policy making of 𝑆 being a slowly adjusting state variable. 

The dynamic optimization problem 3.25 can now be written as: 

𝑇 

max  𝑝𝑒−𝑟𝑡d𝑡 (3.42a)
𝑎,𝑒𝑆,𝑆 0 

subject to 0 = 𝑘(𝑝, 𝑆, 𝑎; 𝜆) (3.42b) 
�̇� = 𝜂(𝑒𝑆 − 𝜌𝑆) (3.42c)

𝐵0 + 𝑁𝑝𝑏 = 𝑒𝑆 + 𝑁𝑝𝑎 (3.42d) 
𝑆(0) = 𝑆0 (3.42e)

𝑎 ≥ 0 (3.42f) 
𝑒𝑠 ≥ 0 (3.42g) 

Using assumption 3.3 the first constraint can be reformulated: 

1 1 1𝑝 = 1 + 𝛼 =∶ 1 + Γ − 
Γ 

(3.43)𝜆(2𝛿 − 1) − 𝜆(2𝛿 − 1) 𝛼 
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the first-order conditions for an optimal path become: 

0 = 1 − 𝜅 + 𝜏𝑁(𝑏 − 𝑎) (3.44a)
1�̇� = 𝜋𝜂𝜌 − 𝜅Γ𝜕𝛼 

𝛼2 + 𝜋𝑟 (3.44b) 

0 = 𝜅Γ𝜕𝛼 1 
𝜕𝑆 

𝛼2 − 𝜏𝑁𝑝 + 𝜈 (3.44c)𝜕𝑎 
0 = 𝜋𝜂 − 𝜏 + 𝜇 (3.44d) 
�̇� = 𝜂(𝑒𝑆 − 𝜌𝑆) (3.44e) 

𝑝 = 1 + Γ − 𝛼
Γ 

(3.44f) 

0 = 𝐵0 + 𝑁𝑝𝑏 − 𝑒𝑆 − 𝑁𝑝𝑎 (3.44g)
0 = 𝑆0 − 𝑆(0) (3.44h)
0 = 𝜋(𝑇) (3.44i) 

Here 𝜋 is the co-state variable associated with 𝑆, 𝜅 is the multiplier associated with the constraint 
on 𝑝, 𝜏 the multiplier associated with the budget constraint, and 𝜈 and 𝜇 are associated with the 
non-negativity conditions. The transversality condition follows from the free endpoints at the 
time horizon. This can be simplified into: 

Γ(𝜋𝜂 + 𝜇)𝑁 1 + Γ − 𝛼
Γ 

 − 𝜈 = [1 + (𝜋𝜂 + 𝜇)(𝑏 − 𝑎)𝑁] 𝜕𝛼 
(3.45a)𝜕𝑎 𝛼2 

�̇� = 𝜂(𝑒𝑆 − 𝜌𝑆) (3.45b) 
𝜕𝛼 𝜕𝛼 

𝜕𝑆 𝜕𝑆 �̇� = 𝜋 𝑟 + 𝜂𝜌 − 𝜂𝑁𝑝 𝜕𝛼  + (𝜈 − 𝜇𝑁𝑝) 𝜕𝛼 (3.45c) 
𝜕𝑎 𝜕𝑎 

𝑝 = 1 + Γ − 𝛼
Γ 

(3.45d) 

0 = 𝐵0 + 𝑁𝑝𝑏 − 𝑒𝑆 − 𝑁𝑝𝑎 (3.45e)
0 = 𝑆0 − 𝑆(0) (3.45f) 

It is readily seen that the steady state is characterized by equations 3.45c, 3.45b, and the 
budget restriction 3.45e: 

𝜕𝛼 𝑁𝑝 𝜕𝑎 = (3.46a)𝜕𝛼 

𝜕𝑆 
𝑟/𝜂 + 𝜌 

𝑒𝑆 = 𝜌𝑆 (3.46b)
0 = 𝐵0 + 𝑁𝑝𝑏 − 𝜌𝑆 − 𝑁𝑝𝑎 (3.46c) 

At the time horizon, the transversality condition tells us, 𝜋 = 0. Equation 3.45a becomes: 

Γ𝜇𝑁 1 + Γ − 𝛼
Γ − 𝜈 = [1 + 𝜇(𝑏 − 𝑎)𝑁] 𝜕𝛼 

(3.47)𝜕𝑎 𝛼2 
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This equation can only be satisfied if 𝜇(𝑇) > 0 and 𝜈(𝑇) = 0. Hence, 𝑒𝑆(𝑇) = 0 and �̇�(𝑇) < 0. 
Hence, Proposition 3.3 is satisfied also for the limiting case with 𝜔 → ∞. 

Equation 3.45a can be simplified with the help of assumption 3.4: 

𝐴𝐿𝐿 𝐴𝐿𝐿 1 

Γ 
+ 𝐴𝐿𝐿 − 1  𝑞2 − 𝜈 = 𝑄 𝑞 − 𝑎 

𝜕𝑞 

(𝜋𝜂 + 𝜇)𝑁 
+ 𝑏  

𝜕𝑞 
(3.48)(𝜋𝜂 + 𝜇)Γ𝑁 

𝑞2 

𝜕𝑎 
+  𝜕𝑎 

 

We can now formulate 

PROPOSITION 3.5 Under assumption 3.4, if the elasticity of substitution between 𝑎 
and 𝑆, the two factors determining the value of the function 𝑞, and hence 𝛼(𝐹, 𝑝, 𝛽) is 
greater than 0.513, then a planner, optimizing vitality, will initially allocate the more re-
sources to the instantaneous control variable 𝑎 at the cost of building up the protracted 
state variable 𝑆, the shorter is the time horizon 𝑇. 

This is a precise statement of claim 2.1. It shows that by short planning periods the planning 
is inefficient measured against log-run optima. For a proof, see appendix C. 

4 EXAMPLES 

We illustrate the general results above in some simulations. First, in section 4.1, we assume that 
the status variable adjusts instantaneously and simulate the model with different elasticities of 
substitution between the policy measures. Then, in section 4.2, we let the status adjust slowly 
and look at the effects of the time horizon on the optimal paths. 

We specify the function 𝑞 to be: 

𝑞 ∶= 2−𝛾
1
(𝜀𝑆)𝛾 + (𝜁𝑎)𝛾 𝛾

1

+ 𝑞0, −∞ < 𝛾 ≤ 1 (4.1) 

That is, it is homothetic with a substitution elasticity between 𝑆 and 𝑎 given by: 

1𝜎 = 0 ≤ 𝜎 < ∞ (4.2)1 − 𝛾 
, 

The relized value of the objective of the planner is written as: 
𝑇 

𝑊(𝑇) ∶=  𝑝𝑒−𝑟𝑡d𝑡 , (4.3)
0 

the model is calibrated using the parameters shown in table 4.1, and solved in Excel using Solver. 

TABLE 4.1 Values of the parameters of the model in the examples 

𝐵0 𝑏 𝜀 𝜁 𝑞0 𝑄 𝐴𝐿𝐿 𝜌 𝜔 𝜂 𝜆 𝛿 𝑟 𝑁 𝑝0 𝑆0 

Section 4.1 100 0 20 15 200 20 0.75 1 1 ∞ 1 0.75 0 100 0.05 − 
Section 4.2 100 0 20 15 200 20 0.75 1 1 0.05 1 0.75 0 100 0.05 10 

13 This number depends on the size of 𝑄; 0.5 is sufficient for any (positive) value of 𝑄. The smaller is 𝑄, the 
smaller is this critical value of the substitution elasticity, approaching zero as 𝑄 approaches zero. 
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FIGURE 4.1 Policy measures with instantaneous status adjustment 

4.1 OPTIMAL PROPORTIONS OF POLICY MEASURES 

We simulate the vitality of the minority language for the values of the elasticity of substitution,
𝜎 = 0.1, 𝜎 = 0.5, and 𝜎 = 1.5. The time horizon is 𝑇 = 50. The results are given in figure 
4.1. The values of the budget shares are given on the left and that of the vitality of the minority 
language on the right. In sub-figures 4.1a and 4.1b, the two measures are complements; that is, 
they reinforce one another. As expected, the budget share of 𝑆 is giong down and that of 𝑎 is 
increasing. The corresponding results for a high substitution elasticity are found in sub-figure 
4.1c. The general discussion is confirmed here, too. The budget share of 𝑎 is decreasing and 
that of 𝑆 is increasing as 𝑝 grows. 

The efficiency gain due to the flexible policy compared to a policy with fixed budget shares 
given by the optimum values in period 1 varies strongly with the substitution elasticity, Measured 
as the change in 𝑊(𝑇), it is, in the case of 𝜎 = 0.1, 1.72%; for 𝜎 = 0.5, 0,78 % and for 𝜎 = 1.5, 
only 0.44%. 
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FIGURE 4.2 Policy measures are complements (𝜎 = 0.5) 

4.2 EFFECTS OF DELAYED ADJUSTMENT OF THE STATUS VARIABLE 

In figures 4.2 and 4.3, we compare the optimal policy when the time horizon 𝑇 = 50 with the 
optimal policy when it is 𝑇 = 25 and the optimization is repeated. As expected, there is a 
trade-off between a loss in vitality at the beginning and a gain at later periods, so in order to 
build up the status variable, the planner accepts a decline in vitality in the first planning periods. 
That is, with the short time horizon the gain in later periods is smaller than with a longer time 
horizon. The planner hence allocates less resources to the protracted status variable 𝑆 when the 
time horizon is short in comparison to the case with a long time horizon. This effect is stronger 
in the case of the policy measures being substitutess than in the case of complements. The 
end-of-period effect is also clearly shown and is stronger in the case of substitutes. 

The vitality can in the short run be increased by increasing the budget for the rival good at 
the costs of not maintaining the status. Since the decline in status reacts slowly to the budget 
decrease and the effect of a budget increase on the rival good is fast and direct, there is an 
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FIGURE 4.3 Policy measures are substitutes (𝜎 = 1.5) 
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increase in vitality at the end of the planning. Over the last periods before the time horizon 
vitality increases compared to a policy of maintaining the status. The costs of this increase 
comes in the next planning period, since the status at the beginning of the next period is lower 
than it would have been if the planner had continued to keep 𝑒𝑆 on a high level. This has to be 
build up again at the beginning of the next period. We have a short-term gain and a long-term 
loss. There will be discontinuities at the end of every planning period with the control variables 
making jumps. The vitality 𝑝 and the status 𝑆 will be continuous but especially the status will 
fluctuate inefficiently. 

In the example, the value of the objective 𝑊(𝑇) will be higher at 𝑇 = 25 in the case of 
consecutive planning periods of 25 periods than in the case of planning periods of length 50, 
but it will be lower at 𝑇 = 50 with short consequtive planning periods than with the longer 
ones. This effect of a short-run gain and a long-run loss of short planning periods is the more 
pronounced the higher is the elasticity of substitution 𝜎 between the planning measures. It is 
higher for substitutes than for complements. In our example, the short-run gain in the case of 
complements is 1.01% and the long-run loss is 0.88%. In the case of substitutes, the short-run 
gain is 2.11% and the long-run loss 3.82%. 

5 CONCLUDING REMARK 

Any policy with a claim of rationality has to analyze the connection between policy measures 
and policy objectives. That implies that the policy maker bound by a budget has to consider the 
costs of the policy and the structure of these costs. Here, we have focused on the structure of 
the costs of different policy measures with different impact on the objective of the policy. This 
is a general policy recommendation. 

However, we have also thrown some light on the political objective of the policy maker. If 
he or she has a fixed period of office, the political opportune police is to reach a high fulfillment 
of the objective during the period in office. If policy measures build up protracted input factors 
influencing the policy objective, the policy maker at the end of his or her time in office will 
be little interested in maintaining such factors and will leave the successor in a worse situation 
than a long-run optimal policy would have done. This problem can only be reduced through 
constitutional means, that is with the help of restrictions on the political goals of incumbents. 
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APPENDICES 

A DERIVATION OF THE FAMILY-TYPE DISTRIBUTION 

Family formation is a stochastic process drawing from two different populations, men and 
women, with the same distributions on the language groups, 𝑝𝐻 and 𝑝𝐿 for the men and 𝑞𝐻 
and 𝑞𝐿 for the women, 𝑝𝐻 = 𝑞𝐻 = 1 − 𝑝𝐿 = 1 − 𝑞𝐿. Each population is of size 𝑁. In the first 
round of matching, four different family types are formed with numbers: 

𝑁𝐻𝐻1 = 𝑁𝑝𝐻𝑞𝐻 

𝑁𝐿𝐿1 = 𝑁𝑝𝐿𝑞𝐿 (A.1)
𝑁𝐻𝐿1 = 𝑁𝑝𝐻𝑞𝐿𝜏 

𝑁𝐿𝐻1 = 𝑁𝑝𝐿𝑞𝐻𝜏 

where the success probability of the mixed families is 𝜃. That is, an equal number of men 
and women of each type is unmatched: 𝑁𝑝𝐻2 = 𝑁𝑞𝐻2 = 𝑁𝑝𝐿2 = 𝑁𝑞𝐿2 = 𝑁𝑝𝐻𝑞𝐿(1 − 𝜃) = 
𝑁𝑝𝐿𝑞𝐻(1 − 𝜃). In the second round, they are divided on family types according to: 

𝑁𝐻𝐻2 = 𝑁𝑝𝐻𝑞𝐿(1 − 𝜃)1 

2 

𝑁𝐿𝐿2 = 𝑁𝑝𝐻𝑞𝐿(1 − 𝜃)1 (A.2)2 

𝑁𝐻𝐿2 = 𝑁𝑝𝐻𝑞𝐿𝜃(1 − 𝜃)1 

2 

𝑁𝐿𝐻2 = 𝑁𝑝𝐻𝑞𝐿𝜃(1 − 𝜃)1 

2 

and in the third round: 

𝑁𝐻𝐻3 = 𝑁𝑝𝐻𝑞𝐿
1
2(1 − 𝜃)

2 

𝑁𝐿𝐿3 = 𝑁𝑝𝐻𝑞𝐿
1
2(1 − 𝜃)

2 
(A.3) 

𝑁𝐻𝐿3 = 𝑁𝑝𝐻𝑞𝐿𝜃
1
2(1 − 𝜃)

2 

𝑁𝐿𝐻3 = 𝑁𝑝𝐻𝑞𝐿𝜃
1
2(1 − 𝜃)

2 

In the 𝑛th round we get: 

𝑁𝐻𝐻𝑛 = 𝑁𝑝𝐻𝑞𝐿
1
2(1 − 𝜃)

𝑛−1 

𝑁𝐿𝐿𝑛 = 𝑁𝑝𝐻𝑞𝐿
1
2(1 − 𝜃)

𝑛−1 
(A.4) 

𝑁𝐻𝐿𝑛 = 𝑁𝑝𝐻𝑞𝐿𝜃
1
2(1 − 𝜃)

𝑛−1 

𝑁𝐿𝐻𝑛 = 𝑁𝑝𝐻𝑞𝐿𝜃
1
2(1 − 𝜃)

𝑛−1 

–24– 



Optimal and opportune language policies 

Finally, taking the sums ∑∞
𝑛=1 𝑁𝐻𝐻𝑛 etc., we find: 

1 − 𝜃 𝑁𝐻𝐻 = 𝑁𝑝𝐻𝑞𝐻 + 𝑁𝑝𝐻𝑞𝐿 1 + 𝜃
1 − 𝜃 𝑁𝐿𝐿 = 𝑁𝑝𝐿𝑞𝐿 + 𝑁𝑝𝐻𝑞𝐿 (A.5)1 + 𝜃 

𝑁𝐻𝐿 = 𝑁𝑝𝐻𝑞𝐿𝜃 1 + 
1 − 𝜃 2𝜃 

1 + 𝜃 
 = 𝑁𝑝𝐻𝑞𝐿 1 + 𝜃 

= 𝑁𝑝𝐿𝑞𝐻𝜃 1 + 
1 − 𝜃 2𝜃 𝑁𝐿𝐻 1 + 𝜃 

 = 𝑁𝑝𝐿𝑞𝐻 1 + 𝜃 

Defining 𝜆 ∶= 2𝜃/(1+𝜃), removing the distinction between men and women, and dividing 
by 𝑁, we arrive at the distribution of family types: 

𝜇(𝐻𝐻) = 𝑝𝐻2 + 𝑝𝐻𝑝𝐿(1 − 𝜆) 
𝜇(𝐿𝐿) = 𝑝𝐿2 + 𝑝𝐻𝑝𝐿(1 − 𝜆) (A.6)
𝜇(𝐻𝐿) = 2𝑝𝐻𝑝𝐿𝜆 

B DEMONSTRATION THAT THE MAXIMIZATION PROBLEM 3.14 HAS AN IN-
NER SOLUTION 

We find the slope of the budget restriction in the (𝑒𝑠 − 𝑒𝑎)-space. Write the budget restriction 
as 𝑒𝑠(𝑒𝑎) and differentiate: 

𝜕𝑒𝑠 𝜕𝑝𝐿𝑆𝑆 𝜕𝑒𝑠 0 = + 𝑁𝑝𝐿𝑆𝑆 + 𝑁𝑒𝑎 
𝜕𝑝𝐿𝑆𝑆 

+  (B.1)𝜕𝑒𝑎 𝜕𝑒𝑎 𝜕𝑒𝑠 𝜕𝑒𝑎 

or: 
𝜕𝑝𝐿𝑆𝑆 

𝜕𝑒𝑠 
𝑝𝐿 + 𝑒𝑎 𝜕𝑒𝑎 

1 + 𝜂𝑎  = −𝑁 = − (B.2)𝜕𝑒𝑎 𝐵 1 + 𝑁𝑒𝑎 
𝜕𝑝𝐿𝑆𝑆 

𝑁𝑝 

1
𝐿
𝑆𝑆 + 

𝑒𝑎 𝜂𝑠 𝜕𝑒𝑠 
𝑒𝑠 

The slope of an iso-𝑝𝐿 curve is given by: 

𝜕𝑝𝐿𝑆𝑆 

𝜕𝑒𝑠 𝜕𝑒𝑎 = − 
𝑒𝑠 𝜂𝑎  = − (B.3)𝜕𝑒𝑎 𝜕𝑝𝐿𝑆𝑆 𝑒𝑎 𝜂𝑠 𝑝𝐿 𝜕𝑒𝑠 

We find the sign of the difference in the absolute values of the slopes of the budget restriction 
and the iso-𝑝𝐿 curve: 

1 + 𝜂𝑎 − 
𝑒𝑠 𝜂𝑎 signum [Δ] = signum  

𝜂𝑠 

 = signum 𝑒𝑎𝜂𝑠 − 
𝑒𝑠𝜂𝑎  (B.4)1 + 

𝑒𝑎 𝑒𝑎 𝜂𝑠 𝑁𝑝𝐿 𝑁𝑝𝐿 𝑒𝑠 

The difference is negative if 𝑒𝑎 = 0 and positive if 𝑒𝑠 = 0. Hence, a maximum will be an inner 
solution. 
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WICKSTRÖM 

C PROOF OF PROPOSITION 3.5 

To prove proposition 3.5, we first show that the initial value of the co-state variable 𝜋(0) in-
creases with the time distance to the time horizon 𝑇. Then we demonstrate that the initial value 
of the control variable 𝑎, 𝑎(0) decreases in 𝜋(0). 

Solve the maximization problem 3.45 for time horizons 𝑇 and 𝜓𝑇, 𝜓 > 1. In both cases, 
let 𝑡 = 0 at the time horizon, and in the second case, introduce a transformed variable for time.
𝜒 ∶= 𝑡/𝜓. Write the variables of the problem as functions of 𝜒 with an asterisk, 𝜋∗(𝜒) = 𝜋(𝜓𝜒) 
etc. The integral in the first problem then runs from 𝑡 = −𝑇 to 𝑡 = 0 and of the second problem 
from 𝜒 = −𝑇 to 𝜒 = 0. In the second problem, equations 3.45b and 3.45c now become: 

𝑆∗̇ = 𝜓𝜂(𝑒𝑆∗ − 𝜌𝑆∗) (C.1a) 
𝜕𝛼∗ 𝜕𝛼∗ 

𝜕𝑆 𝜕𝑆 𝜋∗̇ = 𝜓 𝜋∗ 𝑟 + 𝜂𝜌 − 𝜂𝑁𝑝∗ 𝜕𝛼∗ + (𝜈∗ − 𝜇∗𝑁𝑝∗) 𝜕𝛼∗  (C.1b) 
𝜕𝑎 𝜕𝑎 

The only difference between the two problems is that the equations of motion of 𝜋 and 𝑆 of the 
second one are multiplied by the parameter 𝜓. Applying the envelope theorem, we can conclude 
that these variables move faster in the second problem. Since 𝜋∗(0) = 0 and 𝜋∗̇ < 0, we find 
that 𝜋∗(−𝑇) > 𝜋(−𝑇). Hence, the initial value of 𝜋 is higher when the time horizon is further 
away. 

To find the dependence of 𝑎(0) on 𝜋(0) rewrite expression ??: 

𝐴𝐿𝐿 𝜕𝑞 1 

Γ 
+ 𝐴𝐿𝐿 − 1  = 1 − 

𝑎 

𝑞 +  
1 

(C.2)𝑞 𝜕𝑎 
 
𝑄 

𝜕𝑎 𝜋𝜂𝑁 
+ 𝑏  

𝜕𝑞 

𝑞2 

Differentiate: 
21 𝑎 𝜕𝑞 𝜕2𝑞 1 𝑏 𝜕2𝑞 𝜕𝑞 

 
d𝑎 

𝜋2𝜂𝑁 𝑞 𝜕𝑎 
= (2𝜎 − 1) 𝑎𝑞

2

𝜕𝑎2𝑄 + 𝜋𝜂𝑁𝑎 
+ 𝑎

𝑎
𝑞
2

𝜕𝑎2 − 2 𝑞
𝑎
𝜕𝑎 

 
d𝜋 

(C.3) 

where we have used the definition of the elasticity of substitution. If 𝜎 > 0.5, the expression in 
the curly brackets is negative and 

d
d 

𝜋
𝑎 also has to be negative. 

That is, as the time horizon increases, 𝜋(0) increases and 𝑎(0) decreases. 
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